We present the concept of the ''selective readout'' for the recently proposed dual detector ͓M. Cerdonio et al., Phys. Rev. Lett. 87, 031101 ͑2001͔͒ of gravitational waves which is a sensitive and broadband resonantmass detector. The advantage of the proposed detection scheme is that it is made sensitive only to the acoustic modes of the masses forming the detector that have quadrupolar symmetry, and thus carry the signal, while it rejects efficiently the noise contribution from the other modes, either of thermal or back-action origin. The total effect is that the sensitivity of a dual detector equipped with the selective readout is flat within a wide frequency range and can be as good as ϳ8ϫ10 Ϫ24 /ͱHz between 1.3 and 4 kHz for a silicon carbide detector, 3 m in diameter.
I. INTRODUCTION
Substantial progress has been made over the last 40 years in preparing instruments and methods to search for gravitational waves ͑GW͒ from the cosmos ͓1͔. Five bar detectors distributed worldwide have recently operated for a few years as a network, setting significant upper limits to the rate of violent GW burst events impinging on Earth from the Galaxy ͓2,3͔. The first generation of long base line interferometric detectors ͓4,5͔ are now starting their operation and are giving results from the first science runs ͓6͔.
The performance of traditional acoustic detectors, bars, suffers from two main limits: one comes from the cross section to the GW signal, which sets the peak sensitivity, and one comes from the limited frequency range of high sensitivity. In order to efficiently couple the signal amplitude to the final readout ͓7͔, all bar detectors employ a resonant transducer, i.e., a secondary oscillator attached to the bar and tuned to it. The main drawback is that the useful bandwidth becomes intrinsically limited, up to typically 10% of the resonant frequency of the main resonator ͑i.e., the bar͒. Moreover, the coupling of a second oscillator to the bar has proved so far to lower the mechanical quality factor of the main resonator, thus reducing its potential sensitivity. Advanced versions of the traditional acoustic detectors are spherical resonant detectors ͓8-10͔, now being built by several groups worldwide ͓11-13͔; while gaining in peak sensitivity, they do not solve the bandwidth problem, as they still employ resonant transducers.
Some of us have recently proposed a different strategy that takes care of both the sensitivity and the bandwidth limit of the acoustic detectors. This is the ''dual'' detector ͓14͔: a dual detector is formed by two nested massive bodies whose quadrupolar modes ͑i.e., the modes sensitive to the GW signal͒ resonate at different frequencies. In Ref. ͓14͔ the two resonators are two spheres, an inner full one and a hollow outer one. In a dual detector the signal is read in the gap between the two masses as their differential deformations: the centers of mass of the two bodies coincide and remain mutually at rest while the masses resonate, thus providing for the rest frame of the measurement. The sensitivity of the dual detector is predicted to be of interest in the frequency range between the first quadrupolar modes of the two masses. This can be as broad as a few kilohertz in the kilohertz range, thus covering the frequency band where GW signals from fully relativistic stellar sources are expected ͓15͔.
In this paper we describe a detection scheme specifically designed for the dual detector and which we call selective readout. This readout is designed to be sensitive only to the acoustic modes of the masses forming the detector that have quadrupolar symmetry, and thus are excited by the GW signal. At the same time, the readout rejects efficiently the contribution from the other modes, either of thermal or backaction origin. The overall effect is a significant enhancement in the sensitivity.
In Sec. II we will discuss the principle of operation of a dual detector made by two cylindrical nested masses equipped by a selective readout. We illustrate at first the simple case of a dual system with only two mechanical resonances ͑Sec. II A͒; then we consider the full modal expansion for the system and introduce the selective readout concept ͑Sec. II B͒; in the end we give a readout weight function selective for the GW detection and derive the system transfer function ͑Sec. II C͒. In Sec. III we show the expected sensitivity at the standard quantum limit of two specific detector configurations. Finally, in Sec. IV we discuss some issues about the required readout performances and we compare the dual detector with advanced long base line interferometers. A basic dual detector can be represented as the simple one-dimensional system shown in Fig. 1͑a͒ formed by two different and independent mechanical oscillators whose positions are x 1 and x 2 ; a force F e driving the two oscillators is evaluated by measuring the difference x d ϭx 1 Ϫx 2 . In the frequency region between the resonant frequencies of the two oscillators, F e drives the slow resonator above its resonance s and the fast one below its resonance f . The responses of the two are thus out of phase by radians and therefore the differential motion x d results in a signal enhancement with respect to the response of the single oscillator ͓Fig. 1͑b͔͒, as shown by the transfer function H F e ϭx d /F e ͓Fig. 1͑c͔͒.
In addition such a scheme leads to a reduction of the back-action noise within the frequency range of sensitivity of the detector. In fact the back-action noise force drives coherently the two oscillators in opposite directions: the system response is nearly exactly in phase and the consequent differential displacement is highly depressed at a frequency f **, as shown in the transfer function H ba ϭx d /F ba ͓Fig.
1͑c͔͒. The features of the back-action reduction are discussed in more details in Ref.
͓16͔.
We measure x d with a real displacement amplifier, described as an ideal amplifier with an additive displacement noise generator and force noise generator that back acts on the system under measurement. Let S XX ()ϭS xx and S FF ()ϭS f f be, respectively, the frequency-independent power spectral densities of these noise generators. The total displacement noise due to the amplifier is then S xx ϩ͉H ba ()͉ 2 S f f and the noise power spectrum on the measurement of F e is ͑see, for instance, Ref. ͓17͔͒
If we take as reference an operation at the standard quantum limit ͑SQL͒, we may consider S xx S f f ϭប 2 , and the noise figure can be optimized by adjusting the ratio S xx /S f f . In a wide bandwidth detection strategy S xx and S f f must be balanced to give the lowest noise within the bandwidth. In doing so we profit by the subtraction effect in the back-action noise transfer function H ba , and obtain a dip at the frequency f **, as shown in Fig. 1͑d͒ . We finally notice that, to fully exploit the back-action reduction features, f ** should be placed, by a proper choice of the system parameters, amid the oscillator frequencies.
B. Full modal expansion and selective readout
In the case of a three-dimensional body, the dynamics of elastic deformations is given as the superposition of the dynamics of an almost infinite number of normal modes of vibration ͓18͔. An obvious way to preserve the convenient features for signal and back-action noise outlined above is to bring the real system to be as close as possible to the idealized two-mode system. In fact when only the first quadrupolar mode can be considered for each body, the response to a GW of such a system can again be described by the simple one-dimensional model. This can be accomplished with the novel selective readout we propose here, capable of rejecting a large number of normal modes on the basis of their symmetry. This geometrically based mode selection senses the surface position of a body on specific regions, so that the related deformations can be combined with a weight/sign properly chosen to optimize the total response to normal modes of quadrupolar symmetry.
Such a strategy to select specific vibrational modes and to reject a class of unwanted modes is conceptually different from the strategy now employed in GW acoustic detectors. Resonant bar detectors ͓2,3͔ and spherical detectors ͓8-10͔ reconstruct the amplitude of the normal modes excited by the GW by the use of resonant displacement readouts coupled to the modes. With a proper choice of the readout surfaces, the resonant scheme is not sensitive to the thermal noise of out of resonance modes and gives an efficient frequency based mode selection. However this feature necessarily limits the detector bandwidth, due to the thermal noise contribution of the resonant transducer, as mentioned above. By contrast the geometrically based mode selection selects gravitationally sensitive normal modes by means of their geometrical characteristics, and shows a significant rejection of nonquadrupolar modes without affecting the detector bandwidth. For this reason it can be effectively applied to a dual wideband detector.
Without loss of generality, we apply these new concepts to a dual cylinder detector ͓Fig. 2͑a͔͒, a convenient geometry where the advantages of the proposed scheme can be fully exploited. In the dual cylinder we average the differential displacement in four distinct areas x 1, . . . ,4 ͓Fig. 2͑b͔͒ and combine them to obtain X d ϭx 1 ϩx 3 Ϫx 2 Ϫx 4 . The detector displays its maximal sensitivity when the GW propagates along the z axis, the symmetry axis of the system. The corresponding force does not depend on z and the system response can be well described by plane strain solutions, where the displacements are functions of x and y only and the displacement along z vanishes. All the components of the internal stress are also independent of z. In this case the displacement normal modes of a single cylinder, eigenfunctions of the free body dynamic equations, are functions of the kind ͓19͔ w a,n ϩ ͑ r͒ϭ f a,n cos͑a ͒i r ϩg a,n sin͑a ͒i , w a,n ϫ ͑ r͒ϭϪ f a,n sin͑a ͒i r ϩg a,n cos͑a ͒i , where the functions f a,n , g a,n are linear combinations of Bessel functions of the coordinate r, with coefficients given by the boundary conditions. The integer a represents the angular symmetry of the mode, while n identifies the mode order within the angular family. The orthogonal displacement fields w a,n ϩ ,w a,n ϫ represent the same radial distribution of the deformation, mutually rotated by /2a: for this reason they share the same eigenvalue a,n , called resonant frequency of the mode. Any displacement u may be written as linear superposition of these basis functions:
where the time dependent coefficients are determined by the force acting on the body and sϭϩ,ϫ.
C. Weight function and mechanical transfer functions
A ϩ polarized GW propagating along the z axis applies the force density F gw (t)G gw (r) on the mass of density :
For symmetry reasons this force can only excite w ϩ quadrupolar (aϭ2) modes. A ''weight function'' approach to the problem will give the mathematical framework to study the selective readout, which implements the difference X d ϭx 1 ϩx 3 Ϫx 2 Ϫx 4 ͓Fig. 2͑b͔͒. If u e and u i are the displacements of the cylinder C e and C i ͓20͔, we define the observable physical quantity of the system as
where the ''selective'' measurement strategy and detection scheme is implemented by the weight function P 4 (r) ϭ P 4 r (r) P 4 ()i r , where P 4 r ϭ␦͑rϪr e ͒Ϫ␦͑ rϪr i ͒,
and ⌰(x) represents the unit step function. The normalization is P N ϭS T , area of one sampling region ͓Fig. 2͑a͔͒. Here the term P 4 r gives the requested displacement difference r e Ϫr i ͓Fig. 2͑b͔͒, while P 4 reduces the angular integral over four distinct regions, 2␣ wide, centered around ϭ0,/2,,3/2 ͓Fig. 4͑a͔͒. A value ␣ϭ0.3 rad is assumed to perform the following calculations. For comparison we consider a nonselective readout system, which senses the displacement over a single area, centered, for example, at ϭ0. Its weight function P 1 has angular component P 1 ϭ⌰( ϩ ␣) Ϫ ⌰( Ϫ ␣)ϩ⌰(ϩ␣Ϫ2)Ϫ⌰(Ϫ␣Ϫ2), while the radial dependence and the normalization remain the same as P 4 . A practical readout configuration implementing the selective readout scheme P 4 is a series of four capacitive transducers ͑Fig. 3͒. The transducers are gradiometrically connected to obtain the quadrupolar modes sensitivity. Notice that to obtain the back-action reduction the readout must be necessarily sensed by a single superconducting quantum interference device ͑SQUID͒ amplifier. The nonselective readout scheme P 1 may be implemented by a single capacitive transducer configuration measuring the distance x 1 .
When we evaluate the observable, Eq. ͑4͒, by using the expansion, Eq. ͑2͒, and the weight functions P 4 or P 1 , each w a,n ϩ mode contribution depends on its angular symmetry a. As shown in Fig. 4͑b͒ , in both cases the modes contribution oscillates and rapidly decreases, due to the averaging over the area S T . But in the case of P 4 only the symmetry values aϭ2ϩ4k, with k non-negative integer, give non-null contributions to our observable, Eq. ͑4͒. To summarize, the quadrupolar modes family (kϭ0) contribution is essentially pre -FIG. 2 . ͑a͒ The two concentric cylinders C e , C i are made of materials of density e , i and have the same height. The inner cylinder may also have null internal radius. The relative distance between the two bodies is measured in four regions ͑in black͒, each of area S T , for the whole cylinder height. ͑b͒ Section of the detector showing the signal enhancement obtained when a GW signal drives the external cylinder above resonance and the internal cylinder below resonance. The difference X d ϭx 1 ϩx 3 Ϫx 2 Ϫx 4 , proportional to the GW strength, is not dependent on a number of non-GW sensitive modes.
served, many mode families are rejected (a 2ϩ4k, kу0) and the residual higher-order families (aϭ2ϩ4k, kϾ0) give a reduced contribution.
We point out that the normal modes w ϫ , proportional to sin(a) and excited by ϫ-polarized gravitational waves, are rejected by P 4 (r) for every value of a. When a second readout system, identical but rotated by /4, is employed to detect these w ϫ modes, any z axis propagating GW can be fully characterized in terms of intensity and polarization.
The system behavior is fully described by the transfer function T X d ϵX d ()/F (), which gives the observable X d induced by a generic driving force density F(t)G(r) ͓21͔. We call (w a,n s , a,n ) and (v a,n s , a,n ) the normal modes and eigenfrequencies of the cylinder C e and C i , while the loss angles (,), inversely proportional to the mode quality factor Q, describe the dissipation. We have
where P(r) can be P 4 (r) or P 1 (r). If F(t) and G(r) are given by Eq. ͑3͒, by Eq. ͑6͒ we calculate the system transfer function to a GW, defined as H gw ()ϵX d ()/h (). In the simple case e ϭ i ϭ, we have
while the more general case is straightforward. The readout back-action force is applied in the sensing areas with the same intensity but opposite sign for the two bodies, so that its spatial density is given by P(r)/P N . The corresponding system transfer function is then
III. DETECTOR SENSITIVITY
In close analogy with Eq. ͑1͒, the transfer functions, Eqs. ͑7͒ and ͑8͒, give the detector sensitivity to GW as
As discussed above, S xx and S f f are the frequencyindependent power spectral densities that define the amplifier ϩ mode ͑dashed line͒ with symmetry aϭ2; the mode contribution is proportional to the integral of the product of these two functions. ͑b͒ Normalized angular contribution of normal modes as a function of a evaluated for the weight functions P 4 ͑hollow symbols͒ and P 1 ͑crosses͒. ͑c͒ Predicted sensitivity of a Mo dual cylinder detector ͑same as Fig. 5͒ with the selective readout P 4 ͑continuous line͒ and with the standard readout P 1 ͑dotted line͒. noise performances. For operation at the SQL we consider S xx S f f ϭប 2 and optimize the noise figure by adjusting the ratio S xx /S f f .
In Fig. 4͑c͒ we compare the sensitivities of a detector, evaluated for the selective readout P 4 and for the single area readout P 1 . The main effect of the selective readout is to cancel out both thermal and back-action noise contributions due to the nonquadrupolar modes, so that a flat response is obtained in the full bandwidth of few kilohertz and the backaction reduction feature is exploited. We also notice that the use of large readout sensing area highly reduces the thermal noise due to the cumulative effect of all the normal modes ͓22͔. In fact, as the shorter wavelength modes are averaged out, a very good transfer function convergence may be obtained by adding less than 100 modes.
Finite element analysis demonstrates the selective readout rejection capabilities also for many classes of threedimensional vibrational modes. The sensitivity enhancement over the standard readout scheme is then not limited to our plane strain approximation, and the dual cylinder configuration could be evolved in a complete detector.
To show the limits of our design, we evaluate the sensitivity at the SQL of some practical configurations of detector material and geometry. As usual a low dissipation material is required to reduce the effect of the thermal noise. Molybdenum represents an interesting choice, as it shows high cross section for GW and its mechanical dissipation was investigated at low temperature giving Q/TϾ2ϫ10 8 K Ϫ1 for acoustic normal modes ͓23͔. In Figs. 4 and 5 the SQL sensitivity of a Mo detector with dimensions within the present technological production capabilities is shown. In Fig. 5 we also show the SQL of a detector made of SiC, a ceramic material currently used to produce large mirrors or structures ͓24͔, with mechanical and thermal properties of interest here but not yet characterized in terms of low temperature mechanical dissipation.
IV. DISCUSSION AND CONCLUSION
The dual cylinder sensitivity curves are obtained by using a quantum limited readout with displacement sensitivity of the order of 3ϫ10 Ϫ23 m/ͱHz. This figure is impressive and indeed has not been achieved so far. The assessment of the feasibility of such sensitivity is currently object of an R&D program and a detailed technological discussion goes beyond the scope of the present paper. Here we will address only a few general issues.
The lowest achieved experimental displacement noise we have achieved is about 5ϫ10 Ϫ20 m/ͱHz ͓25,26͔ in the kilohertz range. This has been demonstrated by two different kinds of readout which we are developing: the capacitive one ͓27͔ employing a dc-SQUID amplifier and the optical one ͓28͔ based on Fabry-Perot resonators. Both readouts can show significant improvements in the near future, so to reach sensitivities of a few 10 Ϫ22 m/ͱHz. For the capacitive readout, better dc-SQUID amplifiers are becoming available with sensitivities much closer to the quantum limit ͓29͔. In addition, the efficiency of the transducer can be improved by increasing the bias electric field: a value of the breakdown field of the order of 3ϫ10 8 V/m has been reported in recent literature ͓30͔. For the optical readout, the improvement relies on the increase of the finesse to 10 6 ͓31͔, of the input power up to few watts, and of the measurement area up to few cm 2 ͓32͔. To achieve the 10 Ϫ23 m/ͱHz displacement sensitivity range, nonresonant mechanical amplification of the detector deformations ͓33͔ could be implemented. Mechanical amplifiers based on the elastic deformation of monolithic devices ͑compliant mechanisms͒ are well known for their applications in mechanical engineering ͓34͔. Their application to GW detectors seems promising but the contributed noise needs to be investigated thoroughly.
We believe that the potential sensitivity of the dual detector is of utmost interest. In fact the selective readout scheme applied to the dual concept allows the design of detectors tailored for relatively high frequency GW and showing a flat sensitivity in a wide frequency range. These features could make the dual cylinder detector complementary to advanced interferometric detectors, as shown in Fig. 5 by the comparison with the expected sensitivities of LCGT ͓35͔ and one of the possible setting of Advanced LIGO in narrow band operation ͓36͔.
